Control of the entanglement of a two-level atom in a dissipative cavity via a classical 

field 



Jian-Song Zhang and Jing-Bo XiQ 

Zhejiang Institute of Modem Physics and Physics Department, 
Zhejiang University, Hangzhou 310027, People's Republic of China 



o 
o 

(N 



^ ■ 

Oh 
I 



> 

m 
m 
cn 

o 

ON 

o 



Abstract 

We investigate the entanglement dynamics and purity of a two-level atom, which is additionally 
driven by a classical field, interacting with a coherent field in a dissipative environment. It is shown 
that the amount of entanglement and the purity of the system can be improved by controlling the 
classical field. 
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I. INTRODUCTION 

Quantum entanglement is at the heart of quantum in- 
formation processing and quantum computation ,!!]■ It 
can exhibit a nonlocal correlation between quantum sys- 
tems that can not be accounted for classically. The cavity 
QED is a useful tool to generate entangled states. It can 
be used to create entanglement between atoms in cavities 
and establish quantum communications between different 
optical cavities [1, d, 0, S S 0, 01 ■ Many efforts have been 
devoted to the study of the manipulation of quantum en- 
tanglement with atoms and photons in cavities. How- 
ever, a real quantum system is, in general, influenced by 
its surrounding environment Q . The interaction between 
the quantum system and its environment leads to the so- 
called environment-induced decoherence. As a result, a 
pure quantum system may then become mixed and the 
amount of its entanglement will subsequently degrade. 

In Ref. , Solano et al. have shown that multipartite 
entanglement can be generated by putting several two- 
level atoms in a cavity of high quality factor. In their pa- 
per, the Schrodinger cat state and other entangled states 
can be produced with the help of a strong classical driv- 
ing fields. Generally, the entanglement of quantum states 
are fragile under the influence of decoherence. This is the 
most serious problem for all entanglement manipulation 
in quantum information processing. Up to now, vari- 
ous methods have been proposed to suppress decoher- 



ence, such as quantum error correction [ll|, decoherence- 
free subspacesfl^. quantum feedback control[ll|, and dy- 
namical decoupling 1 141 . 

In the present paper, we propose a scheme to enhance 
the amount of entanglement and purity of a quantum 
system consisting of a two-level atom interacting with 
coherent field in a dissipative environment by applying 
and controlling a classical driving field. We find an ex- 
plicit expression of the density matrix of the system by 
making use of the superoperator algebraic approach and 



study the entanglement dynamics of the system by em- 
ploying concurrence [3| ■ Our calculation shows that the 
amount of entanglement and the purity of the system can 
be enhanced by controlling the classical driving field. 



II. THE MODEL 

We consider a system consisting of a two-level atom 
interacting with a coherent field. The atom is driven by 
a classical field additionally. The Hamiltonian for the 
system can be described by [l0| 



+A(e 



t '^0 / +N 

H = Lua' a + —az + g{<y+a + a^a^ j 



iujct _ 

e (7- 
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where w, coq and ujc are the frequency of the cavity, atoms 
and classical field, respectively. The operators az and a± 
are defined by az = |e)(e| — \g){g\ and a+ = \e){g\ where 
|e) and \g) are the excited and ground states of the atom. 
Here, a and are annihilation and creation operators of 
the cavity; g and A are the coupling constants of the 
interactions of each atom with the cavity and with the 
classical driving field, respectively. Note that we have set 
h ~ 1 throughout this paper. 

In the rotating reference frame the Hamiltonian of the 
system is transformed to the Hamiltonian Hi under a 
unitary transformation Ui — exp{—iujctcrz/2) 



HI 



(2) 
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with 



(3) 



and Al = ujo — LUc- A straightforward calculation shows 
that the Hamiltonian HI ' can be diagonalized and recast 
as 
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where Ai = luq ■ 
by a, = |0)(0| 
states 

|0)=cos^|e) 



' uJc, ^1 = v^A^ + AX^ and az is defined 
- |1)(1|. Here, |0) and |1) are dressed 



sin-|g), 



-sm-|e; 



-cos-|5),(5) 



with 9 = arctan(^). Neglecting the terms which do 
not conserve energies (rotating wave approximation) , we 
obtain the effective Hamiltonian Hi in the dressed states 



Hi = a;a'a+— (Tz 



'5C0s2-(e^-^*a+a 



e-*'^<=*?_a^) 



(6) 

with CT+ = |0)(1| and ct_ = |1)(0|. The Hamiltonian 
(6) can be diagonalized by a final unitary transforma- 
tion U2 with U2 = exjp {^^f^a z) ■ Using the identity 



^ — iujctaz /2^^giaJcicr2 /2 



cr^, we can rewrite the 
Hamiltonian of the system in the rotating reference frame 

H2 = UlHU2-iUl'- 



■dU2 



dt 

t ~ I ,~ ~ t\ 

wa' a + — + (7 (cr+a ^ u-a^)^ 



(7) 



where h.c stands for Hermitian conjugate, lo' — fii+Wc = 
■y/Af + 4A^+a;c and g' = g cos^ |. It is worth noting that 
the unitary transformations Ui and U2 are both local 
unitary transformations. As wc known the entanglement 
of a quantum system does not change under local unitary 
transformations. Thus, the entanglement of the system 
considered here will not change by applying local unitary 
transformations Ui and U2. Hereafter, unless specified 
otherwise we work in the rotating reference frame. 

In the dispersive limit IA2I = \uj' — lu\ :s> \Jn + Ig, the 
interaction Hamiltonian g'iadj^ +a^cr_) can be regarded 
as a small perturbation. Using the method similar to that 
used in Ref.[l^, we can recast the effective Hamiltonian 
(7) in the dispersive limit as 

iJe = wa^a+y5^ + J7[(ata+l)|0)(0|-ata|l)(l|], (8) 



with A2 = Lo' — LO and = 



(ffcos^l)' 



Then, the master equation that governs the dynamics of 
the system can be written as follows 

= ~i^,p\^'k{2apa^ ~ a^ap- pa^a). (10) 
We can express the density matrix in the following form 

p{t) = poo(i)® |0)(0| +pii(0<^ |1)(1| +Poi(0'^ |0)(1| 
+pio(0® |1)(0|, (11) 

where pijS are defined as pij = {i\p\j), Pij = p]^, i,j = 
0, 1. A straightforward calculation shows that 

Poo = {-tn{n-C) + k{2M-n-C)}poo = CooPaoit), 

Pll = {in{n-c) + k{2M-n-c)}poo = Ciipiiit), 
Poi = {-in{n + c + i) + k{2M-n-c)}poo 

= ^oiPoo{t), 

Pw pIi (12) 
where M, TZ, and £ are defined by 

M = a ■ a\n ^ a^a-,C ^ -a^a- (13) 

Here the superoperators a-, -a, a''- and -a^ represent the 
action of creation and annihilation operators on an oper- 
ator 

{a-)o ^ ao, {■a)o = oa, (a^ ■)o ^ o, {■a^)o — oa' . (14) 

It is easy to check that the superoperators M , TZ and C 
satisfy the relations 



[n,M] = [c,M] = -M, [n,c] = 0. 



(15) 



It is worth noting that [TZ + C,A4] = —2Ai, the super- 
operators TZ + £ and Ai form a shift operator algebra. 
Thus we have the expansion of the exponential of a linear 
combination oiTZ + C and Ai 



Coit _ -iOt (e^<'" + '''''-l)A4/(40+fc) -(iSl+fc)m -(in+fc)t£ 



(16) 



III. SOLUTION 

In this section, we investigate the entanglement dy- 
namics of the two-level atom interacting with a coherent 
field in a dissipative environment by making use of the 
superoperator algebraic approach [13] . We assume that a 
classical driving field is applied additionally and the elec- 
tromagnetic field couples to a reservoir. This interaction 
causes the losses in the cavity which is presented by the 
superoperator T> = k{2a ■ — a' a ■ — ■ a'' a), where k is 
the decay constant. For the sake of simplicity, we confine 
our consideration in the case of zero temperature cavity. 
In the interaction picture, the interaction Hamiltonian is 



V = n[{a''a + l)\l){l\-a^a\l){l\ 



(9) 



We assume the field is initially prepared in the coherent 
state \a) and the atom is initially in state "^(|0) -I- |1)). 
Therefor the initial state of the atom-cavity system is 
^(|0) + |1)) ® |a), i.e., poo(O) - pii(O) = poi(O) = 

pio(O) = ^\a){a\. Combing Eq.(12) with Eq.(16), we 
find that the matrix elements pij (t) at time t is given by 

Poo(i) = i|«+(t))(a+(t)|, pn(t) = i|«_(t))(a_(i)|, 

Poi(i) = i/(t)|a+(i))(a_(t)|,|a±(t)> = |ae-('=±^")*), 
fit) = exp{-int+\a\^{e~^''' -I)} 

xexp{J^(l-e-2('=+*")*)}. 



(17) 
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The density matrix of the atom-field system is then ex- 
pressed as 

p(t) = l{|«+(t))(a+(i)|®|0)(0| + |a_(t))(a_(i)| (18) 
+ [/(<)|a+(t))(a_(t)| ® |0>(1| + Ml, 

where h.c stands for Hermitian conjugate. In order to 
map the matrix onto a 2 x 2 system, we introduce two 
orthonormal vectors | t) and | [) which are defined by 

I T) = Mt))M) = ^ (|a_(t))-rKft))),(19) 

vi - rr 

with T = FinaUy, the density matrix p(t) 

now can be rewritten as 



Pit) - T)(T I ® |0)(0| + (r| T) + v/T~M^| i)) 

(r*(TI + v/T~M^a i)^|i) (i| 

T)(r*(T I + ^/T^(i I) ® |0)(i| + /..c]}, 

(20) 

where h.c denotes for Hermitian conjugate. 



IV. ENTANGLEMENT AND PURITY 

In this section, we investigate the entanglement dy- 
namics and purity of a quantum system consisting of a 
two-level atom, which is additionally driven by a classi- 
cal field, interacting with a coherent field in a dissipative 
environment. 

In order to study the entanglement of above system 
described by density matrix p, we adopt the measure 
concurrence which is defined by [15] 

C = max{0,Ai -A2- A3-A4}, (21) 

where the Ai(i=l,2,3,4) are the square roots of the eigen- 
values in decreasing order of the magnitude of the "spin- 
flipped" density matrix operator R = p{ay (g) ay)p*{ay (g) 

ay) and ay is the Pauli Y matrix, i.e., Cj, = ^ ^ O* ) ' 

Combing the definition of concurrence with the density 
matrix, we find that the concurrence of the system is 

C(t) = |/(t)|yr~M^. (22) 

In order to show the the effect of the classical field and 
the decay of the cavity on the entanglement dynamics of 
the system, we plot the the concurrence as a function of 
the coupling strength A and the decay rate k in Fig.l. It 
is easy to see that the entanglement of the two- level atom 
and the cavity decreases with the increase of the decay 
rate k. However, the amount of entanglement between 
the two-level atom and the cavity can be increased by 
controlling the classical driving field as we can see from 
Fig.l. 




FIG. 1: The concurrence is plotted as a function of the 
coupling strength A and the decay rate k with a — 1, 
g = 10-2, t = l/g,u ^2,LOo = 1.9, = 0. 




FIG. 2: Upper panel: The concurrence is plotted as a function 
of time with a = 1, g = 10-^,0; = 2,ujo = 1-9, cOc = A = 
for fc = (solid line), k = W'* (dashed line), and k = 10"^ 
(dotted line). Lower panel: The concurrence is plotted as a 
function of time with a — 1, g — 10-^,0; = 2,ujo — 1.9, fc = 
10"^ for ojc = A = (dotted line) and cjc — \ — 0.2 (solid 
line) . 

In Fig. 2, we plot the concurrence C{t) as a function 
of time for different values fc, luq, and A. From the up- 
per panel of Fig. 2, one can see that the entanglement of 
the system decreases with the increase of the decay rate 
k. However, the maximal value of entanglement for the 
system can be improved by applying the classical driving 
field as one can easily find out in the lower panel of Fig. 2. 



4 



1.0-,. 




10 20 „..2 30 40 50 



FIG. 3; The photon number of the cavity field is plotted as a 
function of time t with a = 1 for = 10"'* (dotted line) and 
k = 10"^ (solid line). 

It is worth noting that in the case of i — > oo the states 
l«±(0) = \cye~^'''^^^^*) eventually goes to vacuum state 
|0). The photon number of the cavity field is 

(n) = Tr{pit)a^a} = \a\^e-^^\ (23) 

It is easy to see that the photon number of the cavity 
field depends only on the photon number of the initial 
state |ap, the decay rate k, and the time t. In Fig. 3, we 
plot the photon number of the cavity field as a function 
of time t with a = 1 for A: = 10~^ (dotted line) and 
k = 10~^ (solid line). Comparing Fig. 3 with Fig. 4, we 
find that the photon number of the cavity field decreases 
with the increase of the time t while the concurrence is 
not a monotonic function of time t. 

Next, we investigate the purity of the system by em- 
ploying linear entropy. Many protocols in quantum in- 
formation processing require pure, maximally entangled 
quantum states. For example, quantum teleportation of- 
ten relies heavily on the purity and entanglement of the 
initial state. However, an pure and entangled quantum 
system usually becomes mixed and/or less entangled un- 
der the influence of decoherence. Here, we adopt the lin- 
ear entropy to quantify the mixedness of a state defined 
by S{p) = 1— Tr(/3^). Generally, if p is the density matrix 
of a pure state, S* = 0, otherwise S > Q. It has also been 
proved that a bipartite mixed states is useless for quan- 
tum teleportation if its linear entropy exceeds 1/2 for a 
two qubits system. The purity of the atom-field system 
is 

S{p) = l-Tr{p') = \[l-\f{m. (24) 

In Fig. 4, the linear entropy S{p) is plotted as a func- 
tion of time with (solid line) or without (dotted line) the 



classical driving field. As one can sec clearly from Fig. 4, 
the classical driving field can decrease the linear entropy 
of the atom-field system. In other words, the purity of 
the atom-field system can be significantly increased by 
applying the classical driving field. 



V. CONCLUSION 

In the present paper, we propose a scheme to improve 

the amount of entanglement and purity of a quantum 
0.4-, 

>^ 0.3- 

Q. . - - ' 

O 

■£ 0.2- 
CD 




FIG. 4: The concurrence is plotted as a function of time with 
a=l, g = 10"^w = 2,uJo = 1.9, fe = 10"^ for = A = 
(dotted line) and Wc = A = 0.5 (solid line). 



system consisting of a two-level atom interacting with a 
coherent field in a dissipative cavity by applying and con- 
trolling a classical driving field. We find an explicit ex- 
pression of the density matrix of the system and study the 
entanglement dynamics of the system by employing con- 
currence. Our calculation shows that the amount of en- 
tanglement and the purity of the system can be enhanced 
by applying the classical driving field. The approach 
adopted here can be extended to the system formed by 
two or more two-level atoms in dissipative cavities. 
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